Abstract. In this paper, we are interested in the one-player game Spiral Galaxies, and study it from an algorithmic viewpoint. Spiral Galaxies has been shown to be NP-hard [Friedman, 2002] more than a decade ago, but so far it seems that no one has dared exploring its algorithmic universe. We take this trip and visit some of its corners.
Introduction
Spiral Galaxies (also called Tentai Show) is a one-player game, described as follows by the Help of its Linux version: "You have a rectangular grid containing a number of dots. Your aim is to draw edges along the grid lines which divide the rectangle into regions in such a way that every region is 180
• rotationally symmetric, and contains exactly one dot which is located at its centre of symmetry". Similarly to many other such puzzles (e.g., Sokoban, Sudoku), apart from being a discrete pastime in boring meetings, it is also a nice combinatorial and algorithmic problem that one might try to solve computationally. This trend has been developed, among others, by Demaine; see for instance [1] , where a survey over hardness results in games is given. For a more general introduction into combinatorial games, we also refer to the book by Hearn and Demaine [6] ). Apart from the beauty (and fun!) aspect of such a study, this work is motivated by the fact that while small to medium-size instances of Spiral Galaxies are still fun to solve, larger problems become just too hard, which is frustrating for many players... and might even lead to fits of rage (something you may want to avoid in boring meetings). Hence, an automatic solver for Spiral Galaxies is highly desirable for these cases. In this paper, we thus visit the algorithmic universe of Spiral Galaxies, by providing a series of exact (thus exponential, Spiral Galaxies being NP-hard [5] ) algorithms for solving the problem. In particular, we show two fixed-parameter algorithms: one for which the parameter is the number of dots (i.e., of galaxies) of the input instance for a constrained version of Spiral Galaxies (where galaxies must be rectangles), and one where the number of "galaxy corners" in a solution is the parameter.
A Formal Problem Definition. We formalize the problem as follows. We have a two-dimensional universe U , where each field in U is described by the coordinate (i, j), where i = 1, . . . , N and j = 1, . . . , M for some N, M ∈ N. We call two fields (i, j) and (i ′ , j ′ ) adjacent if |i − i ′ | = 1 and j − j ′ = 0 or if |j − j ′ | = 1 and i − i ′ = 0, that is, a field is adjacent to the four fields that are directly left, right, above, and below this field. Let n := |U | be the number of fields. We furthermore are given a set G of k galaxies ('dots' in the description) along with the location L : G → {1, 1.5, 2, 2.5, . . . , N } × {1, 1.5, 2, 2.5, . . . , M }. We use the noninteger values to denote the case in which a galaxy center is located either between two rows or columns. A galaxy center with noninteger coordinates is adjacent to all fields that can be obtained by rounding its location values. For a galaxy g ∈ G, we use L 1 (g) to denote the row coordinate of the center of g, and L 2 (g) to denote its column coordinate. This is the input of Spiral Galaxies.
There are two natural ways of encoding this input. One is to present each field and each possible galaxy location as a position in a bit string of length Θ(n). Another way is to list the positions of the galaxy centers and the dimensions of the universe. This representation has size Θ(k · log(n)) which is smaller than the first representation if k ≪ n/ log n. Hence, for our exact algorithms we assume that the input length is Θ(n) and for our fixed-parameter algorithms (which assume that k is small) we assume that the input length is Θ(k · log(n)).
A solution to Spiral Galaxies is given by assigning each field of U to some galaxy g. We describe this using the function b : U → G. Before defining the properties of a solution, we give some further definitions. An area A is a subset of U . An area is called connected, if between each field (i, j) ∈ A and (i ′ , j ′ ) ∈ A there exists a path of adjacent fields that belong to A. Two areas A and B are adjacent if there are two fields α ∈ A and β ∈ B that are adjacent.
In order to be a valid solution, b has to satisfy the following conditions:
= g} is a connected area, and -hole-freeness, that is, if there is some set G ′ of galaxies that is only adjacent to galaxies in G ′ ∪ {g} for some galaxy g, then at least one element in G ′ is at the limit of U . We call (i ′ , j ′ ) ∈ U the g-twin of (i, j). The notation is displayed in the screenshot in Fig. 1 . The hole-freeness property is not explicitly demanded by the original problem definition. However, we have not encountered any real-world instance in which some galaxies completely contain other galaxies. Hence, we study the more restricted variant presented here. We believe that our algorithms can, with some technical overhead, be adapted to work for Spiral Galaxies without the holefreeness property. Note that our definition of a valid solution does not specify that L(g) is inside the galaxy. This property is, however, already guaranteed by the other properties of the solution. Proof. If the area is a rectangle or shaped like a cross, then the claim holds trivially. Otherwise, assume without loss of generality, that the area contains a field f 1 which is at least as high as L(g) and to the left of L(g). By the symmetry property the area, also contains a field f 2 that is at most as high as L(g) and to the right of L(g). Since the area is connected, the two fields are connected by a path of other fields of the area. For each field of this path, its g-twin, however, also belongs to g. Consequently, there are two paths from f 1 to f 2 that enclose L(g). Since the area is hole-free, this implies that all fields that are adjacent to L(g) belong to the area.
⊓ ⊔
A corner of an area A is a pair of noninteger coordinates (y, x) such that either one or three of the four neighboring fields (⌈y⌉, ⌈x⌉), (⌈y⌉, ⌊x⌋), (⌊y⌋, ⌈x⌉), and (⌊y⌋, ⌊x⌋) belongs to A (see Fig. 2 ).
In this paper we present exact algorithms for Spiral Galaxies. In particular, we provide two fixed-parameter algorithms. Note that a problem with input size n is said to be fixed-parameter tractable with respect to a parameter k if it can be solved in f (k) · poly(n) time, where f is a computable function only depending on k. For an introduction to parameterized algorithmics refer to [2] .
A Nebula of Exact Algorithms
We first provide two exact exponential-time algorithms [4] for solving Spiral Galaxies in the most general case. Though the running times of the two algorithms presented here are quite similar, we mention both since they rely on two different viewpoints of the problem. We then focus on the case where any solution of Spiral Galaxies contains only rectangular galaxies and provide a fixed-parameter algorithm for the parameter number k of galaxies.
Proof. Given an instance of Spiral Galaxies, any solution can be interpreted as a two-dimensional map, where each galaxy g (and the fields it contains) is a region, and where two distinct regions are adjacent when they contain adjacent fields. The famous four color theorem (see e.g., [8] ) tells us that such a map can be colored with at most four colors. The exact algorithm that follows from the above argument can be described easily as follows: generate every possible four-coloring C U of the fields of U ; for each such C U , check whether (a) each connected set of fields of the same color contains a unique galaxy center, and if so, whether (b) it is a valid galaxy, i.e., it satisfies the symmetry condition and is hole-free. If this is the case, a solution has been found. If no coloring satisfies the two conditions (a) and (b), we have an instance without solution.
The running time of the algorithm is straightforward: there are 4 colors and |U | = N M fields to color. Hence the total number of colorings is 4 N M ; besides, for any given coloring C U , checking whether conditions (a) and (b) hold can be done in poly(N M ) time.
⊓ ⊔
The time complexity can actually be slightly improved as shown in the following.
Theorem 2. Spiral Galaxies can be solved in
Proof. Take any solution to Spiral Galaxies, and consider two adjacent fields b and b ′ . They can be adjacent either horizontally or vertically. If b and b ′ belong to distinct galaxies, say g and g ′ , we will say there exists a border between them; otherwise, the border does not exist. The algorithm is thus the following: generate all possibilities for borders between adjacent fields (i.e., existence or nonexistence) in U . For each such possibility, compute the maximal connected areas and check whether conditions (a) and (b) from proof of Theorem 1 hold. If this is the case, a solution has been found. If none of the tested possibilities yields a solution, we are in presence of a no-instance. The running time for this algorithm is thus 2 nf poly(N M ), where nf is the number of neighboring fields in U . The neighboring fields amount to (N − 1)M vertical ones, and (M − 1)N horizontal ones; thus nf = 2N M − N − M , which yields the claimed time complexity.
⊓ ⊔ Let Rectangular Spiral Galaxies denote the constrained version of Spiral Galaxies where a solution may contain only rectangular galaxies. We have the following result.
Proof. The idea here is to guess iteratively, for a free field f (that is, a field not yet belonging to a galaxy), to which galaxy g it belongs, and to branch on all possible solutions. Any galaxy must have a rectangular shape, thus we choose at each step a free field f which appears as one of the four corners of the galaxy g it will belong to. If such an f exists, knowing f and the center of g is enough to completely determine the shape of g. Now it is easy to see that such a field f always exists: consider for instance, at each iteration, the topmost among all leftmost free fields. The time complexity is straightforward, since at each iteration 1 ≤ i ≤ k, k − i + 1 galaxies centers remain available, and thus we need to branch into k − i + 1 possible cases. Each time a galaxy center is chosen for a field f , computing the dimensions of the rectangle representing the galaxy g that contains f can be performed in O(log(n)) time by subtracting the coordinates of f from L(g) and multiplying the result by two. Note that a free field as described above is always adjacent to one of the four corners of a previously computed galaxy corner, so a free field can be found in poly(k · log(n)) time. Finally, we need to check whether all the rectangles are disjoint, which can be also performed in this running time. Altogether, we obtain the claimed running time.
⊓ ⊔
An Algorithm for Solutions with Few Corners
It is relatively straightforward to decide in n f (ℓ) time whether there is a solution with ℓ corners: Guess the exact position and orientation of each corner, then connect the corners accordingly and finally check whether this gives a solution. The running time follows from the fact that for each corner we have to consider poly(n) choices and that all steps after the guessing can be easily performed in polynomial time.
We now describe an algorithm that can find solutions with at most ℓ corners in f (ℓ) · poly(log(n)) time. The outline of the algorithm is as follows. First, we show how to represent each spiral galaxy as a tiling of O(ℓ) rectangles. Then, we present an integer linear program (ILP) with f (ℓ) many variables which, using a known result on the running time of bounded variable ILPs [7] implies the claimed running time.
Consider any galaxy. Our aim is to represent the galaxy as a tiling of few rectangles. The first step is to divide the galaxy into three parts which will allow us to naturally capture the symmetry condition when defining the rectangle tiling. While doing so, we aim to keep the number of corners low.
Lemma 2. The fields of every galaxy g with ℓ corners can be three-colored with at most three colors black, red, and blue such that
-if L(g) has integer coordinates, then the field containing L(g) is black, otherwise no fields are black, -the red area has at most ℓ + 2 corners, -the g-twin of every red field is blue.
Proof. Let L(g) = (y, x) be the location of the galaxy center. We discuss only the cases in which y is noninteger (the case in which x is noninteger is symmetrical), or in which both x and y are integers (see Fig. 3 ). If y is noninteger, then color (⌈y⌉, ⌈x⌉) red. Then check whether there is an uncolored field that belongs to the galaxy and is to the left or to the right of a red field. If this is the case, color it also red. When there is no such field, then note that the row of red fields is a separator of the galaxy. Color the g-twins of this line of red fields (which is the line below) blue. Now color all uncolored fields that can reach blue fields only via red fields with red and all other fields blue. The resulting coloring clearly fulfills the first and the last condition of the lemma. It remains to show the number of corners. At most ℓ/2 corners of the red area are also corners in g. In addition, there are at most two corners between red and blue fields (recall that the separator is a straight line of fields). Since g has at least four corners, the number of corners in the red fields is at most ℓ/2 + 2 ≤ ℓ.
If y is integer, then color the field that contains y black. If the galaxy contains no further fields, then the lemma holds. Otherwise, distinguish two further cases.
Case 1: Removing the center from the galaxy cuts the area in at least two connected components. In this case, pick one of these components, color it red and color the fields of its g-twins blue. Then pick, if it exists, another uncolored connected component and color it red and its g-twins blue. No further uncolored connected components exist. The red connected components has again at most ℓ/2 corners that are corners in g. Furthermore, there are at most four corners between red fields and the black field. Hence, the number of corners in the areas defined by the red fields is at most ℓ/2 + 4 ≤ ℓ + 2.
Case 2: Otherwise. In this case, the galaxy center has eight neighbors. Color the field to the left of the center red and call it the current field. While the current field has a left neighbor that is part of g, color this field red and make it the current field. Next, make the field to the top-left of the galaxy the current field and color it red. Now, while the current field has a right neighbor that belongs to g, color it red and make it the current field. Now, the red fields are a separator. Color all fields that can reach the center only via red fields also with red. After this, color all g-twins of the red fields blue.
Again, the area defined by the red fields has at most ℓ/2 corners that are corners in g plus four corners on the border to the blue or black fields. The overall number of corners is thus at most ℓ/2 + 4 ≤ ℓ + 2.
⊓ ⊔
In order to formulate the ILP we will model each galaxy as a union of rectangles. The following lemma is a straightforward corollary of [3, Theorem 1].
Lemma 3. An orthogonal polygon with ℓ corners can be partitioned into at most ℓ nonoverlapping rectangles.

Definition 1.
A rectangle representation of a galaxy g is a set of rectangles R g = {R 1 , R 2 , . . . , R q } such that:
-the union of all R i is exactly g, -R i and R j do not overlap if i = j, -for each R i , there is exactly one rectangle R j ∈ R g such that the four corners of R j are exactly the g-twins of the four corners of R i .
For a galaxy representation, we use s(R i ) to denote the rectangle that is symmetric to R i .
Lemma 4. A galaxy g with at most ℓ corners has a rectangle representation with O(ℓ) rectangles.
Proof. By Lemma 2 we can partition g into three areas that have O(ℓ) corners altogether. Now, for the red part we choose some partition into O(ℓ) rectangles which exists by Lemma 3. For the blue part choose the symmetric (with respect to L(g)) partition into rectangles. The black part, if it exists, is a rectangle so add the corresponding rectangle if it exists. Clearly, the union of the rectangles is g, the rectangles do not overlap and, by the choice of the partition of the blue part, there is for each red rectangle R i a symmetric blue counterpart R j . The black rectangle R, if it exists, consists just of one field whose center is L(g), so the corners of R are symmetric to themselves.
⊓ ⊔
We now use the rectangle representation to fix the main structure of a putative solution. A layout of a solution is a structure consisting of the following parts:
-For each galaxy g, we fix a set of rectangle identifiers R -For each rectangle, we fix whether it is adjacent to the left, right, top, or bottom limit of the universe.
Clearly, the number of layouts is bounded by a function of ℓ since the number of rectangles to consider in any solution is O(ℓ). The main structure of the algorithm is now as follows. Try all possible layouts. For each layout, first filter "bad" layouts that do not guarantee that the galaxies are connected, that the galaxies are hole-free, or that they cover the whole universe. Then, create an ILP with O(ℓ) variables and solve it. If it has a feasible solution, then use this solution to construct a solution of Spiral Galaxies.
We now describe how to filter bad layouts. For each galaxy g, create a graph whose vertices are the rectangles R g i . Make two vertices adjacent in this graph if the corresponding rectangles are fixed to be adjacent by the layout. Reject the layout if the resulting graph is not connected for some galaxy. Now create a graph whose vertices are the galaxies. In this graph, make two galaxies g and g ′ adjacent if there is a pair of rectangles R g i and R g ′ j that are fixed to be adjacent by the layout. Furthermore, add one vertex that represents the limits of U and make it adjacent to each galaxy g that has a rectangle R g i that is fixed to be adjacent to the respective limit. Now, reject the layout if there is a galaxy g that is a cut-vertex in this graph, that is, there is a pair of galaxies g ′ = g and g ′′ = g such that all paths between g ′ and g ′′ contain g. Finally, consider each rectangle R i of the layout that is adjacent to at least one other rectangle. Assume without loss of generality, that the bottom fields of R i are adjacent to the rectangles Q If such an order does not exist, then reject the layout. Otherwise, we build the ILP formulation. We only need to check for feasibility, hence there will be no objective function that we need to maximize. For each rectangle R i in the layout, we introduce four variables: . We now introduce inequality constraints that guarantee that the ILP solution gives a solution to Spiral Galaxies. First, we constrain all coordinates to be in the universe.
The second set of constraints forces all rectangles to be nonempty and guarantees that the coordinate pair (y
) is indeed the top-left field.
Now we introduce constraints for rectangle pairs to force that the rectangles do not overlap, that adjacencies are preserved as fixed in the layout, and that each galaxy is symmetric. Herein, we describe only the case in which the rectangle R i is above R j , all other cases can be obtained by rotating the universe. First, we guarantee that the rectangles do not overlap.
If R i and R j are fixed to be the corresponding rectangles in the two symmetric parts of a galaxy g, that is, R i = s(R j ), then assume without loss of generality, that the right border of R i is not to the left of the right border of R j . Then, we add the following constraints.
Now, we add the constraints concerning adjacent rectangles. If R i and R j are fixed to be adjacent, then, since R i is above R j , we add the constraint
If we fix the left border of R j to be at least as far to the left as the left border of R i , then we add the constraint
We add similar constraints for the right borders of R i and R j (according to whether or not we have fixed R i to extend further to the right than R j ). Finally, we add the following constraints for the rectangles that are adjacent to the limit of the universe.
if R i is adjacent to the top limit of U (12)
if R i is adjacent to the bottom limit of U (13)
if R i is adjacent to the left limit of U (14) Proof. First, we show that the rectangles that are fixed to make up a galaxy g create an area that fulfills the properties of a galaxy. By the filtering step and by Constraint 10, the area created by the rectangles is connected. Furthermore, every field in this area is contained in a rectangle. By Constraints 6-9 there is a rectangle whose corners are g-twins of the rectangle containing this point. Hence, the g-twin of the each field is also contained in g. Now, by the filtering step before the ILP construction, the galaxy is also hole-free and therefore it fulfills all properties of a galaxy.
It remains to show the global property that the rectangles form a partition of the universe. By Constraint 5, the rectangles do not overlap, so it remains to show that the rectangles cover the universe. Assume that this is not the case. Then there is some field not covered by any rectangle but adjacent to some rectangle R i . Assume without loss of generality that this field is below R i . Clearly, R i is not fixed to be adjacent to the bottom border by the layout. By the filtering step, the field R i thus has at least one neighboring rectangle that is fixed to be below R i and extend further at least as far to the left than R i . Similarly, such a rectangle exists for the right border of R i . Furthermore, between these two rectangles the filtering step guarantees that there is a chain of horizontally adjacent rectangles that are below R i and adjacent to R i . Hence, every field below R i is covered by some rectangle.
The converse of the above statement is also true in the sense, that if there is a solution to Spiral Galaxies, then there is one layout which passes the filtering and whose constructed ILP has a feasible solution. The existence of this layout is guaranteed by Lemma 3 plus the fact that the filtering step does not remove this layout. The feasible ILP solution is then obtained by simply plugging in the coordinates of the rectangles. Altogether we thus obtain the following.
Theorem 4. Spiral Galaxies parameterized by the number ℓ of corners of a solution is fixed-parameter tractable.
Proof. The correctness follows from Lemma 5 and the discussion above. It remains to show the running time. The number of layouts to consider is bounded by a function in ℓ since the number of galaxies is O(ℓ) and the number of rectangles that we need to consider for each galaxy is also O(ℓ). Hence, the number of objects for which all different possibilities of "applying some fix" only depends on ℓ. Therefore, the number of ILPs to solve is also only a function of ℓ. Since each ILP has O(ℓ) variables and O(poly(ℓ)) many constraints it can be solved in f (ℓ) · poly(log(n)) time [7] . All other steps can be performed in polynomial time. ⊓ ⊔
Outlook
We conclude with two open problems. First, is Rectangular Spiral Galaxies solvable in polynomial time? Second, is Spiral Galaxies fixed-parameter tractable with respect to the number k of galaxies? A natural approach to show fixed-parameter tractability for k would be to show that the solution has only f (k) corners. Indeed, we tried to show that this is the case. However, even for four galaxies only, this is not true.
Theorem 5. For every ℓ ∈ N, there are yes-instances of Spiral Galaxies with four galaxies such that every solution has more than ℓ corners.
Proof. Let x > ℓ + 2 and consider the following instance with N = M = 2x + 1 and four galaxies α, β, γ, δ. In the instance, α will be very large, γ and δ will α β γ δ Fig. 4 . An instance of Spiral Galaxies with four galaxies and many corners.
be small, and β will be tiny. To denote the positioning of the centers of the small galaxies, we introduce another variable y which is some even integer such that ℓ ≤ y < x. The four galaxy centers are as follows.
A sketch of the instance and of a solution for one set of values of x and y is given in Fig. 4 . First, observe that by the choice of y, the galaxies β and γ live in the upperleft quadrant, that is, the set of fields (i, j) with i, j ≤ x+ 1, and galaxy δ lives in the lower-right quadrant. Therefore, all α-twins of fields of β and γ must belong to δ. Hence, the shape of δ is a union of the shapes of β and γ. Further, galaxy β has its center on the last row of U , so it must be flat (have height one) and, since its center is on the second column, it can be either a galaxy containing just the center or a flat galaxy of width three.
We now show that the solution must essentially look like the one shown in Fig. 4 . The center of β does not belong to α, so its α-twin which is (2x + 1, 2x), belongs to δ. But then the δ-twin of (2x + 1, 2x) belongs to δ as well. This field is (2x − y + 1, 2x − y). Now, the α-twin of this field is (y + 1, y + 2) and it is again not in galaxy α, so it must be in galaxy γ (recall that β is flat). Now the main difference between γ and δ that creates the many corners is the following. The height difference for γ-twins is odd since its center sits at noninteger coordinates. The height difference for δ-twins, however, is even since δ's center sits at integer coordinates. Moreover, the height of γ is exactly y since it cannot reach fields above (y + 1, y + 2) (their α-twins are unreachable for δ). Therefore, galaxy γ has at least one field in each row from row y + 1 until row 2. Similarly, galaxy δ has at least one field in each row from row 1 until row y + 1. Note that for galaxy δ the formula (i + 1, i) defines a straight diagonal line between the three fields that are already assumed to be in δ. We now show a statement which implies that the fields of δ must be close to this main diagonal.
Claim. For 1 < i ≤ y + 1 and 1 ≤ j < 2x − i, if (2x + 1 − i, 2x − i − j) belongs to δ, then (2x + 2 − i, 2x + 1 − i − j) belongs to δ.
If (2x + 1 − i, 2x − i − j) belongs to δ, then its α-twin (i + 2, i + 3 + j) belongs to γ (since i > 1 it cannot belong to β). Therefore, the γ-twin of this field also belongs to γ. This field is (y + 1 − i, y + 2 − i − j). Again, the α-twin of this field belongs to δ. This field is (2x − y + i, 2x − 1 − y + i + j). Finally, the δ-twin of this field belongs to δ. This field is (2x + 2 − i, 2x + 1 − i + j) which proves the claim. Now, we know that (2x + 1, 2x + 2) cannot belong to δ as it is outside of the universe. Hence, the maximum deviation of δ from the main diagonal to the right is one, which implies that the maximum deviation of δ from the main diagonal to the left is also one. We also know that in row 2x − y, the field that is on the main diagonal belongs to δ. By the above claim the complete main diagonal thus also belongs to δ. Since the galaxy is connected, this implies that either in row 2x − y or in row 2x − y + 1 the right or left neighbor of the main diagonal also belongs to δ. Again by the above claim this implies that either the left or the right neighbor of the main diagonal is part of δ for all rows i ≥ 2x − y + 1. By the symmetry of the galaxy we then obtain that the left and right neighbor of the main diagonal have to belong to δ for all rows of δ.
Hence, each of the y + 1 rows of δ, i.e., rows 2x − y to 2x + 1, has two corners. Therefore, the overall number of corners is larger than ℓ. It is easy to verify, that there is indeed for all x and y as chosen above a solution: the galaxy δ is as described, the galaxy β is a flat galaxy with width 3, the galaxy γ is the set of remaining α-twins of the fields that are in δ, and all other fields are in α. ⊓ ⊔ Currently, we don't have a conjecture on either of the two questions. We do have a proof that the answer is not 42 but we defer it to a full version of the paper.
